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Abstract
The standard model of particle physics lies in an enormous number of string
vacua. In a nonperturbative formulation of string theory, various string vacua
can, in principle, be compared dynamically, and the probability distribution
over the vacuum space could be calculated. In this paper, we consider situations
where the IIB matrix model is compactified on a six-dimensional torus with
various gauge groups and various magnetic fluxes, find matrix configurations
that provide the standard model matter content, and estimate semiclassically
the probability of their appearance.
1e-mail address: haoki@cc.saga-u.ac.jp
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1 Introduction
Matrix models (MM) are a promising candidate to formulate the superstring
theory nonperturbatively [1, 2, 3], and they indeed include quantum gravity and
gauge theory. One of the important subjects in those studies is to connect these
models to phenomenology. Spacetime structures can be analyzed dynamically
and four-dimensionality seems to be preferred in the IIB matrix model [4, 5, 6].
Assuming that our spacetime is obtained, we next want to show the standard
model (SM) of particle physics on it.
Here, we give two comments regarding the importance of these studies.
First, a path connecting the MM and the SM would give us a guide for bringing
them close to each other: from the SM side, when one tries to go beyond the
SM, there are too many phenomenological models, but this path may give us
a hint about which way to go; from the MM side, there also remain important
problems, for instance, interpretations of spacetime and matter in matrices, how
to take a large-N limit, and so on. In order to justify or modify the formulation
of MM, whether or not one can obtain the SM at low energies gives us a criterion.
Secondly, since the MM has a definite measure and action, we can, in principle,
calculate everything, such as spacetime dimensions, gauge groups, and matter
contents. We could dynamically compare various string vacua, and obtain a
probability distribution1 over the string landscape [9]. This is an advantage
that MM has over the perturbative formulations of superstring theories.
An important ingredient of the SM is the chirality of fermions. Chiral sym-
metry also ensures the existence of massless fermions, since otherwise quantum
corrections would induce a mass of the order of the Planck scale or of the
Kaluza-Klein scale in general. (Gauge fields are protected to be massless by
gauge symmetry.) We usually obtain a chiral spectrum on our spacetime by in-
troducing nontrivial topologies, which then give chiral zero modes, in the extra
dimensions: Euler characteristics of compactified manifolds, special boundary
conditions at orbifold singularities, the intersection numbers of D-branes, etc.,
give nontrivial topologies. Also from the MM, chiral fermions and the SM
matter content were obtained by considering toroidal compactifications with
magnetic fluxes [10] and intersecting D-branes [11]2.
In this paper, we will study the case of toroidal compactifications in more
detail. We first study matrix configurations that provide the SMmatter content.
1 Studies based on number countings of the flux vacua [7] and cosmological evolutions on
the landscape [8] were given. However, an underlying theory of the entire landscape with a
definite measure is desired.
2 Studies based on fuzzy spheres were given in [12, 13, 14]. MM’s for orbifolds and orien-
tifolds were studied in [15, 16]. Related works were given in [17, 18].
2
Within the configurations that provide the SM gauge group plus an extra U(1)
and the SM fermion species with three generations, the minimal number of
extra U(1)’s turns out to be four. Even within this case, there still can be
a large number of matrix configurations with various fluxes, but actually they
are determined almost uniquely. We then calculate their classical actions, argue
how to take the large-N limit, and estimate semiclassically the probability of
their appearance.
In section 2, we briefly review a formulation of topological configurations on
a torus. We then find matrix configurations that provide the SM matter content
in section 3. In section 4, we study semiclassical analyses of MM dynamics.
Section 5 is devoted to conclusions and a discussion. In appendix A, detailed
calculations for determining qabl are shown.
2 Topological configurations on a torus
Let us begin with a review of the IIB MM [2]. Its action is written as
SIIBMM = −
1
g2IIBMM
tr
(
1
4
[AM , AN ][A
M , AN ] +
1
2
Ψ¯ΓM [AM ,Ψ]
)
, (2.1)
whereAM and Ψ areN×N Hermitian matrices. They are also a ten-dimensional
vector and a Majorana-Weyl spinor, respectively. Performing a kind of func-
tional integration ∫
dA dΨ e−SIIBMM (2.2)
as a statistical system, and taking a suitable large-N limit, one can obtain a
nonperturbative formulation of string theory. Note that the measure as well
as the action is defined definitely, so we can calculate everything in principle.
Note also that the model can be formulated either as an Euclidean or as a
Lorentzian system. It was shown in ref. [6] that treating it as a Lorentzian
system is important for obtaining a four-dimensional extended spacetime with
a six-dimensional compactified space. Since we assume a compactification and
focus on the extra-dimensional space in this paper, our results hold in either
case.
We then consider compactifications toM4×X6 with X6 carrying nontrivial
topologies3. For concreteness, we consider toroidal compactifications of M4 ×
T 6. Toroidal compactifications were studied in Hermitian matrices [20, 21] and
in unitary matrices [22]. The unitary matrix formulations can be described by
finite matrices. It is also considered that noncommutative (NC) spaces arise
naturally from MM [21, 23]. We thus use a unitary matrix formulation for NC
3 Related works were given in [19].
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tori in this paper. It can be defined by the twisted Eguchi-Kawai model [24, 25]
(see, for instance, ref. [26]). Note, however, that such details of formulations,
i.e., Hermitian or unitary, commutative or NC, are not relevant for obtaining
chiral fermions and the SM. Any compactifications with nontrivial topologies
can work as well. We then consider background configurations corresponding
to
eiAµ ∼ eixµ ⊗ 1 ,
eiAi ∼ 1 ⊗ Vi , (2.3)
with µ = 0, . . . , 3 and i = 4, . . . , 9. xµ represents our spacetime M
4, and Vi
represents T 6. A more precise correspondence between the IIB MM and the
unitary MM will be given in section 4.
We now focus on Vi in (2.3), i.e., NC T
6 with nontrivial topologies. It is
well-known that nontrivial topological sectors are defined by the so-called mod-
ules in NC geometries (see, for instance, ref. [27]). In the MM formulations,
such modules are defined by imposing twisted boundary conditions on the ma-
trices [26, 28]. In fact, each theory with twisted boundary conditions yields
a single topological sector specified by the boundary conditions [29, 30], while
in ordinary gauge theories on commutative spaces, a theory, for instance, with
periodic boundary conditions, provides all the topological sectors. However,
since we now want to derive everything from the IIB MM, those topological
features of NC gauge theories are not desirable. We thus introduce nontriv-
ial topological sectors by background matrix configurations, not by imposing
twisted boundary conditions by hand. Nontrivial topologies can be given by
block-diagonal matrices [10]. We then consider the following configurations:
V3+j =


Γ11,j ⊗ 1 n1
2
⊗ 1 n1
3
⊗ 1 p1
. . .
Γh1,j ⊗ 1 nh
2
⊗ 1 nh
3
⊗ 1 ph

 ,
V5+j =


1 n1
1
⊗ Γ12,j ⊗ 1 n1
3
⊗ 1 p1
. . .
1 nh
1
⊗ Γh2,j ⊗ 1 nh
3
⊗ 1 ph

 ,
V7+j =


1 n1
1
⊗ 1 n1
2
⊗ Γ13,j ⊗ 1 p1
. . .
1 nh
1
⊗ 1 nh
2
⊗ Γh3,j ⊗ 1 ph

 ,
(2.4)
with j = 1, 2. The number of blocks is denoted by h. Each block is a tensor
product of four factors. The first three factors each represent T 2 of T 6 = T 2 ×
4
T 2×T 2, and the last factor provides a gauge group structure. The configuration
(2.4) gives the gauge group U(p1)× U(p2)× · · · × U(ph).
The matrices Γal,j with a = 1, . . . , h and l = 1, 2, 3 in (2.4) are actually
defined by using the Morita equivalence, which is well-known in NC geometries.
For details, see, for instance, ref. [27, 26, 28, 10]. We follow the conventions
used in ref. [10]. Γal,j are U(n
a
l ) matrices that satisfy the ’t Hooft-Weyl algebra
Γal,1Γ
a
l,2 = e
−2pii
ma
l
na
l Γal,2Γ
a
l,1 , (2.5)
where the integers mal and n
a
l are specified by
mal = −sl + klq
a
l , n
a
l = Nl − 2rlq
a
l , (2.6)
for each a and l. The integers Nl, rl, sl and kl for each l specify the original
torus (of the Morita equivalence) for each T 2. Equations (2.6) can be inverted
as
1 = 2rlm
a
l + kln
a
l , q
a
l = Nlm
a
l + sln
a
l . (2.7)
For a summary, the configuration (2.4) is specified by the integers pa and
qal with a = 1, . . . , h and l = 1, 2, 3, once the original tori are specified. p
a gives
the gauge group, and qal specifies magnetic fluxes penetrating each T
2. The
total matrix size is
h∑
a=1
na1n
a
2n
a
3p
a . (2.8)
The fermionic matrix Ψ is similarly decomposed into blocks as
Ψ =


ϕ11 ⊗ ψ11 · · · ϕ1h ⊗ ψ1h
...
. . .
...
ϕh1 ⊗ ψh1 · · · ϕhh ⊗ ψhh

 , (2.9)
where ϕab and ψab represent spinor fields on M4 and T 6, respectively. Each
block ϕab ⊗ ψab is in a bi-fundamental representation (pa, p¯b) under the gauge
group U(pa) × U(pb). It turns out [10] that ψab has the topological charge on
T 6 as
papb
3∏
l=1
(qal − q
b
l ) = p
apb
3∏
l=1
(
−
1
2r
(nal − n
b
l )
)
. (2.10)
Indeed, by defining an overlap-Dirac operator, which satisfies a Ginsparg-Wilson
relation and an index theorem4, the Dirac index, i.e., the difference between the
numbers of chiral zero modes, was shown to take the corresponding values5. In
the present paper, we do not specify forms of the Dirac operator, and just as-
sume that in the large-N limit the correct number of chiral zero modes arises.
4 These techniques were developed in the lattice gauge theories [31] and applied to MM
and NC geometries [32].
5 The same results were obtained in the fuzzy spheres [14, 33].
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3 Configurations for the standard model
We now study matrix configurations that provide the SM matter content; more
precisely speaking, the SM gauge group plus extra U(1)’s and the SM fermion
species with generation number three.
3.1 Too-minimal case
We first consider the case with the number of blocks being four, i.e., h = 4. The
integers pa are taken to be 3, 2, 1, 1 for a = 1, . . . , h, so that the gauge group is
U(3)× U(2) × U(1)2 ≃ SU(3) × SU(2)× U(1)4.
The SM fermionic species are embedded in the fermionic matrix ψ as
ψ =


o q u d
o l¯ o
o e
o

 , (3.1)
where q denotes the quark doublets, l the lepton doublets, u and d the quark
singlets, and e the lepton singlets. They are in the correct representations under
SU(3)×SU(2). Note that the singlet neutrino is not included here. The entries
denoted as o give no massless fermions since, as we will see below, they are set
to have a vanishing index. The lower triangle part can be obtained from the
upper part by the charge conjugation transformation.
The hypercharge Y is given by a linear combination of the four U(1) charges
as
Y =
4∑
i=1
xiQi , (3.2)
where Qi = ±1 with i = 1, . . . , 4 is the U(1) charge from the i-th block. From
the hypercharge of q, u, d, l, and e, the following constraints are obtained:
x1 − x2 = 1/6 , x1 − x3 = 2/3 , x1 − x4 = −1/3 ,
−(x2 − x3) = −1/2 , x3 − x4 = −1 . (3.3)
Their general solutions are given by
x1 = 1/6 + c , x2 = c , x3 = −1/2 + c , x4 = 1/2 + c , (3.4)
with c being an arbitrary constant. Since eqs. (3.3) depend only on the differ-
ences of xi, the solution (3.4) is determined with an arbitrary constant shift c.
The existence of a solution is not automatically ensured, since the number of
independent variables is three while the number of equations is five.
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As for the other U(1) charges, the baryon number B, left-handed charge
QL, and another charge Q
′ can be considered. Their charge for q, u, d, l, and
e, and the corresponding values for xi are given as follows:
q u d l e x1 x2 x3 x4
Y 1/6 2/3 −1/3 −1/2 −1 1/6 0 −1/2 1/2
B 1/3 1/3 1/3 0 0 1/3 0 0 0
QL 1 0 0 1 0 0 −1 0 0
Q′ 0 1 1 −1 0 0 0 −1 −1
(3.5)
A linear combination of these four U(1) charges gives an overall U(1) and does
not couple to the matter. Only three U(1) charges couple to the matter. Note
that no lepton number L nor B − L is included in this setting.
Let us now determine the integers qal specifying the magnetic fluxes. From
(2.10), only the differences qal − q
b
l are relevant to the topology for the block
ψab. We thus define
qabl = q
a
l − q
b
l , (3.6)
qab =
3∏
l=1
qabl . (3.7)
In order for (3.1) to have the correct generation number, qab must have the
values
qab =


0 −3 3 3
0 3 0
0 3
0

 . (3.8)
The lower triangle part is obtained from the upper part by the relation qab =
−qba. The block component with a vanishing index gives no chiral zero modes,
and thus no massless fermions on our spacetime. Unfortunately, however, there
is no solution of qabl that satisfies (3.7) with (3.8). (Proof: q
12
l and q
23
l must
take ±1 or ±3. It follows that q13l = q
12
l + q
23
l must take 0, ±2, ±4, or ±6.
Hence, q13 could not take 3.)
We therefore conclude that the present too-minimal case, which does not
include the right-handed neutrino or the B − L gauge field, has no solution.
3.2 Minimal case
We then consider the h = 5 case. The integers pa are taken to be 3, 2, 1, 1, 1
for a = 1, . . . , h, so that the gauge group is U(3) × U(2) × U(1)3 ≃ SU(3) ×
SU(2)× U(1)5.
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The SM fermionic species are embedded in the fermionic matrix ψ as
ψ =


o q u′ u d
o l¯ l¯′ o
o ν(ν¯) e
o e′
o


, (3.9)
where q denotes the quark doublets, l the lepton doublets, u and d the quark
singlets, and ν and e the lepton singlets. Note that the singlet neutrino ν
is now included. In fact, (3.9) is the most general embedding, where all the
block elements have the correct representations under the SM gauge group
SUc(3) × SUL(2) × U(1)Y and the correct generation numbers. Since ν is a
gauge singlet, either ν or ν¯ can be embedded.
The U(1) charges can be determined as in the previous subsection. By tak-
ing linear combinations of the five U(1) charges as
∑5
i=1 x
iQi, we can consider
the hypercharge Y , baryon number B, lepton number L′, left-handed charge
QL, and right-handed charge Q
′
R. Their charge for q, u, u
′, d, l, l′, ν(ν¯), e, and
e′, and the corresponding values for xi are given as follows:
q u u′ d l l′ ν(ν¯) e e′
Y 1/6 2/3 2/3 −1/3 −1/2 −1/2 0 −1 −1
B 1/3 1/3 1/3 1/3 0 0 0 0 0
L′ 0 0 −1 0 1 0 1 1 0
QL 1 0 0 0 1 1 0 0 0
Q′R 0 1 0 1 0 −1 1 1 0
(3.10)
x1 x2 x3 x4 x5
Y 1/6 0 −1/2 −1/2 1/2
B 1/3 0 0 0 0
L′ 0 0 1 0 0
QL 0 −1 0 0 0
Q′R 0 0 0 −1 −1
(3.11)
A linear combination of these five U(1) charges gives an overall U(1) and does
not couple to the matter. Only four U(1) charges couple to the matter.
The integers qal specifying the magnetic fluxes can also be determined as
before. In order for (3.9) to have the correct generation number, qab, which is
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defined in (3.7), must take the values
qab =


0 −3 x 3− x 3
0 3− y y 0
0 ±3 3− z
0 z
0


, (3.12)
with some integers x, y, and z. The double sign is chosen depending on whether
ν or ν¯ is embedded in (3.9).
We now impose an extra condition: the extra U(1)’s should also have appro-
priate interpretations. While B and QL have the correct charge as the baryon
number and the left-handed number in (3.10), L′ and Q′R do not unless u
′, l′,
and e′ disappear, and ν, not ν¯, is chosen in (3.10), and thus in (3.9). Then,
x = y = z = 0 is taken, and the upper sign in the double sign is chosen in
(3.12). It thus becomes
qab =


0 −3 0 3 3
0 3 0 0
0 3 3
0 0
0


. (3.13)
We then solve the equation (3.7) with (3.13) to obtain qabl . (See appendix
A for detailed calculations.) Here we note two comments. First, eq. (3.7) is
invariant under the permutations and the sign flips of qabl . Using these sym-
metries we can fix the order of qab1 , q
ab
2 , and q
ab
3 , and the overall signs for two
of them. Secondly, if qabl = 0 for all l, which is equivalent to q
a
l = q
b
l for all
l, the a-th block and the b-th block of the bosonic matrix Vi in (2.4) become
identical, and the gauge group is enhanced from U(pa)× U(pb) to U(pa + pb).
We thus exclude this case. Within these constraints, the solutions for eq. (3.7)
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are determined almost uniquely. We have two solutions:
qab1 =


0 1 0 ±1 ∓1
0 −1 −1± 1 −1∓ 1
0 ±1 ∓1
0 ∓2
0


,
qab2 =


0 −1 0 ±1 ∓1
0 1 1± 1 1∓ 1
0 ±1 ∓1
0 ∓2
0


,
qab3 =


0 3 0 3 3
0 −3 0 0
0 3 3
0 0
0


, (3.14)
where all the double signs correspond.
4 Probability of the standard model appearance
We now study the dynamics of MM semiclassically, and estimate the probabili-
ties for the appearance of the topological configurations, and in particular, the
SM configurations obtained in the previous section.
We first specify the model. We here consider a ten-dimensional torus with
an anisotropy of sizes between four and six dimensions, namely, a NC T 2×T 2×
T 2×T 2×T 2 with an anisotropy between two T 2’s and three T 2’s. The bosonic
part is described by the twisted Eguchi-Kawai model [24, 25], which can be seen
by expanding the matrices in terms of bases (see, for instance, ref. [26]). The
action is written as
Sb = −βN
∑
i 6=j
Zji tr
(
Vi Vj V
†
i V
†
j
)
− β′N
∑
µ6=ν
Zνµ tr
(
Vµ Vν V
†
µ V
†
ν
)
−β”N
∑
iµ
[
Zµi tr
(
Vi Vµ V
†
i V
†
µ
)
+ Ziµ tr
(
Vµ Vi V
†
µ V
†
i
)]
, (4.1)
with µ, ν = 0, . . . , 3 and i, j = 4, . . . , 9. Vµ and Vi are U(N ) matrices, and are
written as
Vµ = Vµ ⊗ 1 ,
Vi = 1 ⊗ Vi , (4.2)
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where Vµ are U(N
′2) matrices and Vi are U(kN
3) matrices. The size of our
spacetime is ǫN ′ and that of the extra six dimensions is ǫN , where ǫ is a lattice
spacing. There must be a huge anisotropy between N ′ and N . If the extra
dimensions have size of the order of the Planck scale and our spacetime is
bigger than the current horizon, they must satisfy
N ′
N
> 1060 . (4.3)
The total matrix size N is related to N ′ and N as
N = N ′2 N3 k . (4.4)
We now consider the following twists ZMN in the action (4.1):
Z01 = Z23 = exp (2πi
s′
N ′
) ,
Z45 = Z67 = Z89 = exp (2πi
s
N
) . (4.5)
The other twists are taken to be zero. Note that the matrix size (4.4) is k times
larger than is usually expected from the integers that specify the twists (4.5).
Next, we consider the matrix configurations (2.4). In fact, they are classical
solutions for the action (4.1) (see, for instance, ref. [34]). In order to match the
matrix size,
h∑
a=1
na1n
a
2n
a
3p
a = N3k (4.6)
is required. Plugging (2.4) into (4.1), we obtain the classical action as
Sb = −2βNN
′2
3∑
l=1
h∑
a=1
na1n
a
2n
a
3p
a cos
(
2π
(
s
N
+
mal
nal
))
, (4.7)
where we have written only the contributions form the first term in (4.1). If
the integers nal ,m
a
l are related to N, s by (2.6) or (2.7), with Nl, sl, rl, and kl
set to be independent of l, we can find the relation
s
N
+
mal
nal
=
qal
Nnal
= −
1
2r
(
1
N
−
1
nal
)
. (4.8)
By plugging (4.8) into (4.7), we find that the classical action (4.7) takes the
minimum value if and only if
qal = 0⇔ n
a
l = N (4.9)
for ∀a and ∀l. Then, the constraint (4.6) becomes
h∑
a=1
pa = k . (4.10)
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Therefore, if we choose the parameters of the model, i.e., the matrix sizes and
the twists, as in (4.4) and (4.5), block diagonal configurations, where the total
number of the blocks is specified by (4.10), are dynamically favored.
We then consider small fluctuations around the minimum: configurations
with |qal | ≪ N . The condition (4.6), with the use of (2.6), requires (4.10) and
also
h∑
a=1
pa(qa1 + q
a
2 + q
a
3) = 0 ,
h∑
a=1
pa(qa1q
a
2 + q
a
2q
a
3 + q
a
3q
a
1) = 0 ,
h∑
a=1
paqa1q
a
2q
a
3 = 0 . (4.11)
For h ≥ 2, these conditions can be satisfied by a nonvanishing qal . The classical
action (4.7) is approximated as
∆Sb ≃ 4π
2βN
N ′2N3
N4
3∑
l=1
h∑
a=1
pa(qal )
2 , (4.12)
where we have written the difference from the minimum value. For comparison,
let us consider cases with large fluctuations: configurations where the total
number of blocks is different from (4.10), and in particular, the configurations
with nal = kN/
∑h
b=1 p
b for ∀a and ∃l, and with nal = N for the other l. In this
case, the action (4.7) receives an enhancement factor of order N2, compared to
(4.12).
4.1 T 2
Before going on to the case in the IIB MM, we first study the dynamics in T 2
as an exercise. In this case, (4.12) reduces to
∆Sb = 4π
2βk
h∑
a=1
pa(
qa
N
)2 . (4.13)
This result contrasts to the case where the topologies are defined by the total
matrix [30], not by the blocks as in the present case. There, the action became
∆St ∼ βN , (4.14)
and thus only a single topological sector survived in the continuum limit. In the
present case, however, the result (4.13) agrees rather well with the commutative
case.
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Now, let us consider two continuum limits. The first one is to fix the di-
mensionful NC parameter
θ ∼
1
N
(Nǫ)2 (4.15)
and the dimensionful gauge coupling constant
g2YM2 ∼
1
βǫ2
. (4.16)
This leads to a double scaling limit: β,N → ∞ with β/N fixed. Indeed, by
Monte Carlo simulations, various correlation functions were shown to scale in
this limit [35]. In this continuum limit, the action (4.13) vanishes for finite
qa. Then, all of the topological sectors with different qa appear with equal
probabilities.
The second continuum limit is to fix the dimensionful gauge coupling con-
stant (4.16) and the torus size Nǫ. This gives another double scaling limit:
β,N → ∞ with β/N2 fixed. In this limit, the action (4.13) takes finite values
for finite qa. Then, topologically nontrivial sectors appear with finite probabil-
ities, though they are suppressed compared to the trivial sector.
If we consider yet another double scaling limit by fixing β/Nα with α > 2,
the action (4.13) becomes infinite for finite qa. In this limit, only a single
topological sector appears.
4.2 T d
Let us apply the analysis to a d-dimensional torus T d, although in higher-
dimensional gauge theories quantum corrections become larger, and such a
semiclassical analysis is not ensured to be valid. In this case, the classical
action (4.12) becomes
∆Sb = 4π
2βkNd−4
d/2∑
l=1
h∑
a=1
pa(qal )
2 , (4.17)
where we have assumed that d is even.
If the continuum limit is taken by fixing the dimensionful gauge coupling
constant
g2YMd ∼
ǫd−4
β
(4.18)
and the torus size ǫN , it gives a double scaling limit with a fixed βNd−4. In
this limit, the action (4.17) takes finite values for finite qal . Then, topologi-
cally nontrivial sectors appear with finite probabilities, but they are suppressed
compared to the trivial sector. Similarly, the limit of fixing (4.18) and the
dimensionful NC parameter Nǫ2 leads to a double scaling limit with a fixed
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βN (d−4)/2. The action (4.17) vanishes for finite qal in d < 4, and diverges in
d > 4. Moreover, a limit of fixing (4.18) and Nǫδ gives a double scaling limit
with a fixed βN (d−4)/δ .
4.3 The IIB MM compactified on a torus
We now study the case of the IIB MM compactified on a torus, assuming that
the semiclassical analyses are somehow justified.
We first compare the IIB MM action (2.1) and the unitary version of it,
(4.1). We consider a correspondence between the Hermitian matrices and the
unitary matrices as
Vµ ∼ exp
(
2πi
Aµ
ǫN ′
)
, Vi ∼ exp
(
2πi
Ai
ǫN
)
, (4.19)
where the Hermitian matrices AM are assumed to be constrained to satisfy some
conditions (as in [20, 21]), so that the size of the matrices, N , is considered to
be the one used after those constraints and quotients are applied. By plugging
(4.19) into (4.1), and comparing it with (2.1), we find a relation among the
coupling constants in (4.1) and (2.1) as
1
2
βN
(
2π
ǫN
)4
=
1
2
β′N
(
2π
ǫN ′
)4
=
1
2
β”N
(
2π
ǫ
)4 1
N2N ′2
=
1
g2IIBMM
. (4.20)
We then study how to take the large-N limit. From (4.20), by defining a
combination as
g2IIBMM
ǫ4N
≡
1
A
, (4.21)
the action (4.12) becomes
∆Sb =
A
2π2k
3∑
l=1
h∑
a=1
pa(qal )
2 . (4.22)
It then follows that scaling limits of fixing g2IIBMMN
α/ǫ4 with α > −1, α = −1,
and α < −1 give drastically different results. Together with fixing the torus size
ǫN 1/5, those scaling limits correspond to fixing g2IIBMMN
γ with γ = α+ 4/5.
Before going on, let us make a small digression. While in (4.12) we took the
topological contributions only from T 6, we can consider the situations where
T 4 also has fluxes, specified by integers qal′ with l
′ = 1, 2. The contribution from
T 4 becomes
∆S′b = 4π
2β′N
N3N ′2
N ′4
2∑
l′=1
h∑
a=1
pa(qal′)
2 (4.23)
=
A
2π2k
2∑
l′=1
h∑
a=1
pa(qal′)
2 , (4.24)
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where again, (4.21) is used in the second line. Comparing this with (4.22), this
shows that T 4 and T 6 give the same order of contributions. It may imply that
topological phenomena on our spacetime, such as the baryon asymmetry of the
universe and the strong CP problem, and topological phenomena in the extra
dimensions, which determine matter content on our spacetime, are physics of
the same order and can be discussed on the same footing. However, (4.23)
is a naive three-level result, which might be interpreted to give phenomena
at the Planck scale in our spacetime T 4. Due to large quantum corrections,
phenomena at the low energies would not be so simply related to those in the
extra dimensions.
We then come back to (4.12) and (4.22), focusing on the extra dimensions
T 6. If we take a large-N limit by fixing g2IIBMMN
α/ǫ4 with α > −1, or by fixing
g2IIBMMN
γ with γ > −1/5, the classical action (4.12) diverges for finite qal , and
only a single topological sector survives. While in the present model setting
the topologically trivial sector, qal = 0, is chosen, in more elaborated models
desirable sectors, such as the SM configurations, may be chosen uniquely by
the dynamics. This is drastically different from the situations where physicists
usually consider the landscape.
In a limit with α < −1 or γ < −1/5, the action (4.12) vanishes for finite
qal , and all the topological sectors appear with equal probabilities. Then, the
estimation for the probability distribution over the string vacuum space reduces
to the number counting of the classical solutions. Moreover, in a limit with
α < −1− 2/5, a still larger number of configurations, where the block number
is different from the value specified in (4.10), can also appear, as can be seen
from the study for large fluctuations given below (4.12).
In a limit with α = −1 or γ = −1/5, the action (4.12) takes the finite values
(4.22) for finite qal , and the topologically nontrivial sectors appear with finite but
suppressed probabilities. We now estimate the probabilities for the appearance
of the SM configurations obtained in the previous section. By solving (3.6) for
(3.14), qal are determined as
qa1 = (q1, q1 − 1, q1, q1 ∓ 1, q1 ± 1) ,
qa2 = (q2, q2 + 1, q2, q2 ∓ 1, q2 ± 1) ,
qa3 = (q3, q3 − 3, q3, q3 − 3, q3 − 3) , (4.25)
for a = 1, . . . , h. Since only the differences are specified in (3.6), qal are deter-
mined with arbitrary integer shifts q1, q2, and q3
6.
6 Unfortunately, the condition (4.11) can not be satisfied by (4.25) with any integers q1,
q2, and q3. However, by considering the cases where the three original T
2’s are taken to be
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We can lower the values of the classical action (4.22) by shifting the twists
in the action (4.1) from (4.5). If we choose the twists as
Z45 = exp
(
2πi
(
s1
N1
+
−q1 + 1/4
N21
))
,
Z67 = exp
(
2πi
(
s2
N2
+
−q2 − 1/4
N22
))
,
Z89 = exp
(
2πi
(
s3
N3
+
−q3 + 3/2
N23
))
, (4.26)
the action (4.22) takes the minimum value
∆Sb =
A
2π2k
25 (4.27)
for either sign in the double signs in (4.25). The probability of the SM ap-
pearance is semiclassically given as e−∆Sb , multiplied by a factor coming from
quantum corrections. There exist configurations with the action (4.27), but with
pa and qal different from (4.25), and thus the probability of the SM appearance
must also be divided by this numerical factor. While we have considered the
minimal case of h = 5 here, cases with h > 5 would lead to larger values of ∆Sb
and be more suppressed. Since (4.27) is a result from the unitary MM (4.1),
if we start from (2.1) and follow the procedures mentioned at the beginning of
this subsection, (4.27) would receive some corrections.
5 Conclusions and discussion
In this paper, we considered the situations where the IIB MM is compactified on
a torus with fluxes, and found matrix configurations that yield the SM matter
content. The configurations that provide the SM gauge group plus the minimum
number of the extra U(1)’s and the SM fermion species are determined almost
uniquely. We then studied the dynamics of the unitary MM semiclassically. We
found that in an MM where the matrix sizes and the twists of the action are
suitably chosen, block diagonal configurations are favored dynamically.
We also argued how to take large-N limits. In a large-N limit of fixing
g2IIBMMN
α/ǫ4 with α > −1, or g2IIBMMN
γ with γ > −1/5, only a single topo-
logical sector appears. This suggests that in some more elaborated models the
SM may be chosen uniquely by the dynamics. This is drastically different from
the situations where the landscape is usually considered. In a limit with α < −1
different, i.e., the integers Nl, rl, sl, kl depend on l, the condition (4.11) is extended, and then
satisfied by some integers. For instance, q1 = q2 = 0, q3 = 3, r1 = 7, r2 = 1, r3 = 1, and
N1 = N2 = N3 satisfy it.
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or γ < −1/5, all the topological sectors appear with equal probabilities. Then,
the estimation for the probability distribution reduces to the number countings
of the classical solutions. In a limit with α = −1 or γ = −1/5, all the topo-
logical sectors appear with finite but different probabilities. In this case, we
estimated the probabilities of the appearance of the SM configurations.
There remain some important problems. One is about compactifications.
In this paper, we assumed toroidal compactifications, and worked in a unitary
matrix formulation. If we start from Hermitian matrices, however, we need to
impose some conditions on the matrices to realize toroidal compactifications
[20, 21]. Those special configurations seem unlikely to appear dynamically.
Note, however, that fluctuations around the background may not need to be
restricted in the large-N limit [24], and that the backgrounds of the special
forms may be chosen dynamically by the mechanism mentioned in this paper.
We should also study how the anisotropy between our large spacetime and
the small compactified space arises, as in [4, 5, 6]. Moreover, our spacetime is
commutative and local fields live on it. If we start from MM, however, those
important properties are rather difficult to realize (see, for instance, arguments
in [6, 18]). On the other hand, the extra-dimensional spaces are free from those
constraints, and need not have even a geometrical interpretation, which can
broaden the possibilities of phenomenological model constructions. After all,
the problems of compactification in MM will be clarified by understanding both
our spacetime and the extra-dimensional space together.
A second issue is about anomaly cancellations. The model we considered
in the present paper has extra U(1) gauge groups and is anomalous within
the gauge dynamics. This anomaly may be canceled via the Green-Schwarz
mechanism by the exchanges of the RR-fields. The exchange of RR-fields also
makes the extra U(1) gauge fields massive. In order to realize this, the model
should be modified (see, for instance, ref. [36]). By these studies of comparing
various phenomenological models in string theories and MM, we can also make
progress for both string theories and MM.
A third issue is about the Higgs particles. While the gauge fields in the
extra dimensions give scalar fields and candidates for the Higgs fields, it is dif-
ficult to keep them massless against quantum corrections, which is well-known
as the naturalness or the hierarchy problem. In the gauge-Higgs unifications
[37], higher-dimensional gauge symmetries protect the scalar mass from the
quadratic divergences of the cutoff order, but it still can receive quantum cor-
rections of the order of the Kaluza-Klein scale (see also ref. [38]).
We will come back to these issues in future publications. Ultimately, we hope
to analyze the full dynamics in the MM, and survey the probability distribution
17
over the whole of the landscape.
Acknowledgements
The author would like to thank D. Berenstein, M. Hanada, S. Iso, J. Nishimura
and A. Tsuchiya for valuable discussions. This work is supported in part by
Grant-in-Aid for Scientific Research (No. 24540279 and 23244057) from the
Japan Society for the Promotion of Science.
A Solutions of qabl
In this appendix, we find all the solutions of qabl that satisfy eq. (3.7) for (3.13).
We first note that eq. (3.7) is invariant under the permutations among qab1 , q
ab
2 ,
and qab3 , and also under the sign flips: q
ab
1 → −q
ab
1 , q
ab
2 → −q
ab
2 , q
ab
3 → q
ab
3 ;
qab1 → −q
ab
1 , q
ab
2 → q
ab
2 , q
ab
3 → −q
ab
3 ; q
ab
1 → q
ab
1 , q
ab
2 → −q
ab
2 , q
ab
3 → −q
ab
3 ; two of
which are independent. By using these symmetries, we can fix the order of qab1 ,
qab2 , and q
ab
3 , and the overall sign for two of them.
A.1 h=4 case
For a preparation, we first consider the case with h = 4 and
qab =


0 −3 0 3
0 3 0
0 3
0

 . (A.1)
Note that this is different from (3.8). In order to save space, we will omit the
diagonal elements and write it as
qˆab =


−3 0 3
3 0
3

 , (A.2)
and solve the equation
∏3
l=1 qˆ
ab
l = qˆ
ab.
One of the qˆ11l must be ±3 and the other two of qˆ
11
l must be ±1. The same
is true for qˆ22l and qˆ
33
l . We then classify all the possibilities into three cases:
the case where all the three 3’s are gathered in a single l; the case where the
two 3’s are in an l and the other 3 is in another l; the case where the three 3’s
are completely split into different l’s.
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In the first case, there exist four solutions:
qˆab1 qˆ
ab
2 qˆ
ab
3

±1 −1± 1 ±1
−1 0
1




±1 −1± 1 ±1
−1 0
1




−3 0 3
3 6
3




1 0 ±1
−1 −1± 1
±1




−1 0 ±1
1 1± 1
±1




3 0 3
−3 0
3




1 1± 1 ±1
±1 −1± 1
−1




−1 −1± 1 ±1
±1 1± 1
1




3 6 3
3 0
−3


(A.3)
The double signs correspond in each row of the table. In the second and the
third rows in (A.3), the two solutions corresponding to the double signs are
equivalent, as can be seen by (qˆab1 , qˆ
ab
2 ) → (−qˆ
ab
2 ,−qˆ
ab
1 ). In the second case,
there are four solutions:
qˆab1 qˆ
ab
2 qˆ
ab
3

±1 0 ±1
∓1 0
±1




∓1 0 3
±1 3± 1
3




3 0 ±1
−3 −3± 1
±1




∓1 0 ±1
±1 ±2
±1




3 3± 1 3
±1 0
∓1




±1 3± 1 ±1
3 0
−3


(A.4)
The third case has no solution. There are eight solutions in total.
A.2 h=5 case
We now come back to the case with h = 5 and (3.13). Again, we omit diagonal
elements and write it as
qˆab =


−3 0 3 3
3 0 0
3 3
0

 . (A.5)
The analysis for qˆabl with 1 ≤ a, b ≤ 3 is the same as in the h = 4 case of the
previous subsection.
If qˆ44l = 0 for all l, which is equivalent to q
4
l = q
5
l for all l, the fourth and
the fifth blocks of the bosonic matrix Vi in (2.4) become identical, and the
corresponding gauge group is enhanced from U(1) × U(1) to U(2). We then
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exclude this case. Hence, we must find the solution where some of qˆ44l are zero
and some of qˆ44l are nonzero. This can be achieved by using the second solution
in (A.3). We then obtain
qˆab1 qˆ
ab
2 qˆ
ab
3

1 0 ±1 ∓1
−1 −1± 1 −1∓ 1
±1 ∓1
∓2




−1 0 ±1 ∓1
1 1± 1 1∓ 1
±1 ∓1
∓2




3 0 3 3
−3 0 0
3 3
0


(A.6)
All the double signs correspond. As is clear from our calculations, these exhaust
the solutions for (A.5) under the conditions mentioned above.
References
[1] T. Banks, W. Fischler, S. H. Shenker and L. Susskind, Phys. Rev. D 55,
5112 (1997) [arXiv:hep-th/9610043].
[2] N. Ishibashi, H. Kawai, Y. Kitazawa and A. Tsuchiya, Nucl. Phys. B 498,
467 (1997) [arXiv:hep-th/9612115]. For a review: H. Aoki, S. Iso, H. Kawai,
Y. Kitazawa, A. Tsuchiya and T. Tada, Prog. Theor. Phys. Suppl. 134,
47 (1999) [arXiv:hep-th/9908038].
[3] R. Dijkgraaf, E. P. Verlinde and H. L. Verlinde, Nucl. Phys. B 500, 43
(1997) [hep-th/9703030].
[4] H. Aoki, S. Iso, H. Kawai, Y. Kitazawa and T. Tada, Prog. Theor. Phys.
99, 713 (1998) [arXiv:hep-th/9802085].
[5] J. Nishimura and F. Sugino, JHEP 0205, 001 (2002)
[arXiv:hep-th/0111102]; H. Kawai, S. Kawamoto, T. Kuroki, T. Matsuo
and S. Shinohara, Nucl. Phys. B 647, 153 (2002) [arXiv:hep-th/0204240];
J. Nishimura, T. Okubo and F. Sugino, JHEP 1110, 135 (2011)
[arXiv:1108.1293 [hep-th]].
[6] S. -W. Kim, J. Nishimura and A. Tsuchiya, Phys. Rev. Lett. 108,
011601 (2012) [arXiv:1108.1540 [hep-th]]; Phys. Rev. D 86, 027901 (2012)
[arXiv:1110.4803 [hep-th]]; JHEP 1210, 147 (2012) [arXiv:1208.0711 [hep-
th]].
[7] F. Denef and M. R. Douglas, JHEP 0405, 072 (2004) [hep-th/0404116].
20
[8] R. Bousso and J. Polchinski, JHEP 0006, 006 (2000) [hep-th/0004134];
R. Bousso, hep-th/0610211.
[9] L. Susskind, In *Carr, Bernard (ed.): Universe or multiverse?* 247-266
[hep-th/0302219].
[10] H. Aoki, Prog. Theor. Phys. 125, 521 (2011) [arXiv:1011.1015 [hep-th]].
[11] A. Chatzistavrakidis, H. Steinacker and G. Zoupanos, JHEP 1109, 115
(2011) [arXiv:1107.0265 [hep-th]].
[12] H. Aoki, S. Iso, T. Maeda and K. Nagao, Phys. Rev. D 71, 045017 (2005)
[arXiv:hep-th/0412052].
[13] P. Aschieri, T. Grammatikopoulos, H. Steinacker and G. Zoupanos,
JHEP 0609, 026 (2006) [arXiv:hep-th/0606021]; H. Steinacker and
G. Zoupanos, JHEP 0709, 017 (2007) [arXiv:0706.0398 [hep-th]];
A. Chatzistavrakidis, H. Steinacker and G. Zoupanos, Fortsch. Phys. 58,
537 (2010) [arXiv:0909.5559 [hep-th]].
[14] H. Aoki, Phys. Rev. D 82, 085019 (2010) [arXiv:1007.4420 [hep-th]].
[15] H. Aoki, S. Iso and T. Suyama, Nucl. Phys. B 634, 71
(2002) [arXiv:hep-th/0203277]; A. Chatzistavrakidis, H. Steinacker and
G. Zoupanos, JHEP 1005, 100 (2010) [arXiv:1002.2606 [hep-th]].
[16] H. Itoyama and A. Tokura, Prog. Theor. Phys. 99, 129
(1998) [arXiv:hep-th/9708123]; Phys. Rev. D 58, 026002 (1998)
[arXiv:hep-th/9801084].
[17] Y. Asano, H. Kawai and A. Tsuchiya, Int. J. Mod. Phys. A 27, 1250089
(2012) [arXiv:1205.1468 [hep-th]];
[18] J. Nishimura and A. Tsuchiya, arXiv:1208.4910 [hep-th].
[19] H. Steinacker, Prog. Theor. Phys. 126, 613 (2011) [arXiv:1106.6153
[hep-th]]; A. Chatzistavrakidis, Phys. Rev. D 84, 106010 (2011)
[arXiv:1108.1107 [hep-th]]; A. Chatzistavrakidis and L. Jonke,
arXiv:1207.6412 [hep-th].
[20] W. Taylor, Phys. Lett. B 394, 283 (1997) [arXiv:hep-th/9611042].
[21] A. Connes, M. R. Douglas and A. S. Schwarz, JHEP 9802, 003 (1998)
[arXiv:hep-th/9711162].
21
[22] A. P. Polychronakos, Phys. Lett. B 403, 239 (1997)
[arXiv:hep-th/9703073]; N. Kitsunezaki and J. Nishimura, Nucl. Phys. B
526, 351 (1998) [arXiv:hep-th/9707162]; T. Tada and A. Tsuchiya, Prog.
Theor. Phys. 103, 1069 (2000) [arXiv:hep-th/9903037].
[23] H. Aoki, N. Ishibashi, S. Iso, H. Kawai, Y. Kitazawa and T. Tada, Nucl.
Phys. B 565, 176 (2000) [arXiv:hep-th/9908141].
[24] T. Eguchi and H. Kawai, Phys. Rev. Lett. 48, 1063 (1982).
[25] A. Gonzalez-Arroyo and M. Okawa, Phys. Lett. B 120, 174 (1983); Phys.
Rev. D 27, 2397 (1983).
[26] J. Ambjorn, Y. M. Makeenko, J. Nishimura and R. J. Szabo, JHEP
9911, 029 (1999) [arXiv:hep-th/9911041]; Phys. Lett. B 480, 399 (2000)
[arXiv:hep-th/0002158]; JHEP 0005, 023 (2000) [arXiv:hep-th/0004147].
[27] R. J. Szabo, Phys. Rept. 378, 207 (2003) [hep-th/0109162].
[28] H. Aoki, J. Nishimura and Y. Susaki, JHEP 0904, 055 (2009)
[arXiv:0810.5234 [hep-th]].
[29] L. D. Paniak and R. J. Szabo, Commun. Math. Phys. 243, 343 (2003)
[hep-th/0203166].
[30] H. Aoki, J. Nishimura and Y. Susaki, JHEP 0702, 033 (2007)
[arXiv:hep-th/0602078]; JHEP 0710, 024 (2007) [arXiv:hep-th/0604093];
JHEP 0909, 084 (2009) [arXiv:0907.2107 [hep-th]].
[31] P. H. Ginsparg and K. G. Wilson, Phys. Rev. D 25, 2649 (1982).
H. Neuberger, Phys. Lett. B 417, 141 (1998) [arXiv:hep-lat/9707022];
Phys. Rev. D 57, 5417 (1998) [arXiv:hep-lat/9710089]; Phys. Lett. B 427,
353 (1998) [arXiv:hep-lat/9801031].
M. Lu¨scher, Phys. Lett. B 428, 342 (1998) [arXiv:hep-lat/9802011].
P. Hasenfratz, Nucl. Phys. Proc. Suppl. 63, 53 (1998)
[arXiv:hep-lat/9709110]; P. Hasenfratz, V. Laliena and F. Niedermayer,
Phys. Lett. B 427, 125 (1998) [arXiv:hep-lat/9801021]; F. Niedermayer,
Nucl. Phys. Proc. Suppl. 73, 105 (1999) [arXiv:hep-lat/9810026].
M. Luscher, Nucl. Phys. B 549, 295 (1999) [arXiv:hep-lat/9811032].
[32] A. P. Balachandran, T. R. Govindarajan and B. Ydri, Mod. Phys.
Lett. A 15, 1279 (2000) [arXiv:hep-th/9911087]; arXiv:hep-th/0006216;
J. Nishimura and M. A. Vazquez-Mozo, JHEP 0108, 033 (2001)
22
[arXiv:hep-th/0107110]; H. Aoki, S. Iso and K. Nagao, Phys. Rev. D 67,
085005 (2003) [arXiv:hep-th/0209223].
[33] H. Aoki, S. Iso and K. Nagao, Nucl. Phys. B 684, 162 (2004)
[arXiv:hep-th/0312199]; H. Aoki, S. Iso and T. Maeda, Phys. Rev. D 75,
085021 (2007) [arXiv:hep-th/0610125]; H. Aoki, Y. Hirayama and S. Iso,
Phys. Rev. D 78, 025028 (2008) [arXiv:0804.0568 [hep-th]]; H. Aoki, Prog.
Theor. Phys. Suppl. 171, 228 (2007) [arXiv:0706.3078 [hep-th]]; H. Aoki,
Y. Hirayama and S. Iso, Phys. Rev. D 80, 125006 (2009) [arXiv:0909.5252
[hep-th]].
[34] L. Griguolo and D. Seminara, JHEP 0403, 068 (2004) [hep-th/0311041].
[35] W. Bietenholz, F. Hofheinz and J. Nishimura, JHEP 0209, 009 (2002)
[arXiv:hep-th/0203151].
[36] L. E. Ibanez, F. Marchesano and R. Rabadan, JHEP 0111, 002 (2001)
[arXiv:hep-th/0105155]; D. Berenstein and S. Pinansky, Phys. Rev. D 75,
095009 (2007) [hep-th/0610104]; R. Blumenhagen, B. Kors, D. Lust and
S. Stieberger, Phys. Rept. 445, 1 (2007) [arXiv:hep-th/0610327].
[37] Y. Hosotani, Phys. Lett. B 126, 309 (1983); H. Hatanaka, T. Inami
and C. S. Lim, Mod. Phys. Lett. A 13, 2601 (1998) [hep-th/9805067];
C. S. Lim, N. Maru and K. Hasegawa, J. Phys. Soc. Jap. 77, 074101
(2008) [hep-th/0605180].
[38] H. Aoki and S. Iso, Phys. Rev. D 86, 013001 (2012) [arXiv:1201.0857 [hep-
ph]].
23
